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We investigate the relaxation rate of the RNdS black hole perturbed by neutral massless scalar field
in the eikonal limit. We find that the fastest relaxation rate of the composed system increases with
the cosmological constant for all spacetime dimensions. We also find that, when the cosmological
constant decreases from maximum value to zero, the corresponding critical charge of the four-
dimensional RNdS black hole maximizing the relaxation rate of the composed system gradually
decreases monotonically to Q¯ = 0.726. However, for the higher dimensional systems, this is not the
case and the critical charges decrease from maximum to zero.
I. INTRODUCTION
Quasinormal modes (QNMs) is the damped oscilla-
tions of the black hole/field system that is impinged
upon by perturbations [1]. At the end stage of the black
hole merger, there will be gravitational waves in form
of QNMs. Investigations of the QNM was started more
than five decades ago and the recent interest of it is its
application on the Penrose strong cosmic censorship con-
jecture [2, 3] and on the black hole’s no-hair theorem
[4–10]. As linear perturbations, the QNMs can usually
be described by the form e−iωt, where t is the time and
ω is the complex quasinormal resonance spectrum func-
tion [11–13]. The imaginary part of ω contributes to the
damping while the real part sees the oscillation of the
perturbation. Physically, the spectrum function should
be purely ingoing at the horizon of the black hole and it
should be purely outgoing at spatial infinity for asymp-
totically flat or de Sitter (dS) spacetime. (For the Anti-de
Sitter (AdS) spacetime, it should be finite at spatial in-
finity) [1]. As a result, the resonance spectrum is discrete
and ω = ωn, with n the overtone number. If Im(ω) > 0,
the QNMs denote an unstable perturbation.
The uniqueness theorem [14–16] establishes that there
will be at most three conserved quantities, mass, electric
charge and angular momentum, for the Kerr-Newman
black hole family in Einstein-Maxwell theory. Based on
it, the no-hair conjecture [17] confirms that perturbations
of matter fields on black holes in the Einstein-Maxwell
family will finally die out as time elapses. Correspond-
ingly, the QNMs as a description of the interaction be-
tween black hole and exterior matter field will be domi-
nated by the damping resonance spectrum. However, it
has recently been numerically shown [18, 19] and analyt-
ically solved [7] that the Reissner–Nordstro¨m (RN) black
hole in the asymptotically dS spacetime will be unstable
with perturbation originated from charged scalar fields.
The relaxation time, which is related to the fundamen-
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tal quasinormal modes by
τ = ω−1I (n = 0), (1)
is a characteristic quantity reflecting the relaxation rate
of the perturbation impinging upon the black hole by
the matter field. The relaxation time of the RN black
hole perturbed by charged massive scalar field was stud-
ied in [20, 21] and the relaxation rate for the composed
RN black hole/massless scalar field system was investi-
gated in [22–25]. In the present paper, we will explore
the relaxation time of the RNdS black hole with neutral
massless scalar field perturbation. We will write down
the analytical quasinormal resonance frequency for the
system in the eikonal regime and then show the effects of
the positive cosmological constant on the relaxation rate
of the composed system.
We will arrange the remaining part of the paper as
follows. In section II, we will review an ordinary differ-
ential equation describing the RNdS black hole perturbed
by the neutral massless scalar field. In section III, we will
show the quasinormal resonance frequency of the system
composed of RNdS black hole and neutral massless scalar
field and analyze the relaxation rate of it. Section IV will
be devoted to our conclusion and discussion.
II. DESCRIPTION OF RNdS BLACK HOLE
PERTURBED BY NEUTRAL MASSLESS
SCALAR FIELD
The line element of the RNdS black hole can be de-
scribed in the Schwarzschild-like coordinates as
ds2 = −f(r)dt2 + dr
2
f(r)
+ r2dΩ2d−2, (2)
with
f(r) = 1− 16piMr
3−d
(d− 2)Ωd−2 +
32pi2Q2r−2(d−3)
(d2 − 5d+ 6) Ω2d−2
− r
2
L2
. (3)
M, Q are individually the mass and electric charge of
the RNdS black hole. L is the dS radius and it is related
to the positive cosmological constant Λ by L2 = (d −
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21)(d− 2)/(2Λ). Ωd−2 is the volume of the (d− 2)-sphere.
There are three horizons for the black hole, namely the
innermost Cauchy horizon r−, the event horizon r+ and
the outmost cosmological horizon rc, which are solutions
of the equation f(r) = 0.
The propagation function of the neutral massless scalar
field Ψ(t, r,Θ) in the RNdS spacetime can be described
by the Klein-Gordon wave equation
OaOaΨ(t, r,Θ) = 0. (4)
As the spacetime background we consider here is spheri-
cally symmetric and the scalar perturbation is linear, we
can expand the field Ψ in terms of minimally coupled
spherical harmonics∑
lm
e−iωt
Rlm(r, ω)
r
d−2
2
Ylm(θ), (5)
where l is the spherical harmonic index (angular num-
ber) and m is the azimuthal harmonic index. We here
will not show the equation of angular components Ylm.
The radial dynamics of the neutral massless scalar field
perturbation of the RNdS black hole can be described by
the differential equation
f(r)2
d2R(r)
dr2
+
df(r)
dr
f(r)
dR(r)
dr
+ UR(r) = 0, (6)
where
U = ω2− (d− 4)(d− 2)f(r)
2
4r2
−f(r) [(d− 2)rf
′(r) + 2Kl]
2r2
,
(7)
with Kl = l(d− 3 + l). After introducing the tortoise co-
ordinate dr∗ = dr/f(r), the radial perturbation equation
can further be written in a Schro¨dinger-like form,
d2R
dr2∗
+ (ω2 − V )R = 0, (8)
where the radial effective potential can be read off
V = f(r)H(r), (9)
with
H(r) =
Kl
r2
− (d− 2)dr
2
4L2
+
d2 − 6d+ 8
4r2
+
4pi(d− 2)M
Ωd−2rd−1
− 8pi
2(3d− 8)Q2
(d− 3)Ω2d−2r2d−4
.
(10)
To single out a set of discrete quasinormal resonance
frequency, we should impose the boundary conditions
R(r → r+) ∼ e−iωr∗ , R(r → rc) ∼ eiωr∗ (11)
on the system. Then we can calculate the resonant modes
ωn describing the relaxation dynamics of the RNdS black
hole perturbed by the neutral massless scalar field.
III. QUASINORMAL MODES OF RNdS BLACK
HOLE AGAINST NEUTRAL MASSLESS SCALAR
FIELD
For the event horizon radius r+ of the RNdS black
hole, we have
f(r+) = 0 < 1−
16piMr3−d+
(d− 2)Ωd−2 +
32pi2Q2r
−2(d−3)
+
(d2 − 5d+ 6) Ω2d−2
,
(12)
which gives
r+ >
(
4pi
Ωd−2
) 1
d−3
×
(
2M
d− 2 +
√
4M2
(d− 2)2 −
2Q2
d2 − 5d+ 6
) 1
d−3
.
(13)
For a spatial position r > r+ outside the black hole, we
have
4pi(d− 2)M
Ωd−2rd−3
<
(d− 2)2
2
, (14)
8pi2(3d− 8)Q2
(d− 3)Ω2d−2r2d−6
<
(d− 2)(3d− 8)
4
. (15)
Then in the eikonal regime l 1, we further have
H(r) =
Kl
r2
[
1 +
d2 − 6d+ 8
4Kl
+
4pi(d− 2)M
Ωd−2rd−3Kl
− 8pi
2(3d− 8)Q2
(d− 3)Ω2d−2r2d−6Kl
− (d− 2)dr
2
4KlL2
]
∼ Kl
r2
,
(16)
where we have used the condition
r < rc < L. (17)
As a result, we obtain the approximated radial effec-
tive potential of the composed RNdS black hole/neutral
massless scalar field system
V =
Klf(r)
r2
, (18)
which plays as a role of an effective potential barrier, and
its maximum value locates at
r0 =
[
4pi(d− 1)M
(d− 2)Ωd−2
[
1 +
√
1− 2(d− 2)
2Q2
(d− 3)(d− 1)2M2
]] 1
d−3
.
(19)
The WKB method is a semianalytic technique to which
we can resort to obtain the complex quasinormal reso-
nance frequency of the system composed by the RNdS
3black hole and the neutral massless scalar field and char-
acterized by the approximated effective potential (18) in
the eikonal regime. The WKB resonance equation is [26–
28]
Q0√
−2Q(2)0
= −i
(
n+
1
2
)
+O
(
1
l
)
, (20)
where we have denoted
Q0 ≡ ω2 − V (r = r0), (21)
Q(2)0 ≡
d2Q[r(r∗)]
dr2∗
∣∣∣∣
r=r0
. (22)
Explicitly, the WKB equation can be written as
ω2 − Klf(r0)
r20
f(r0)
√−2V ′′0 = −i(n+ 12), (23)
where we denote V0 = V (r = r0). This equation is
obtained in the condition of eikonal regime, where the
spherical harmonic index l is large. To further decouple
the complex equation, we here impose a strong inequal-
ity between the imaginary part and the real part of the
quasinormal resonance frequency,
ωI  ωR. (24)
Consequently, we can decouple the two parts of the
resonance mode and obtain
ωR =
√
Klf(r0)
r0
∼ l
√
f(r0)
r0
, (25)
ωI =
√
2(2n+ 1)r0
√−f(r0)V ′′0
4
√
Kl
. (26)
We can define dimensionless quantities
Q¯ ≡
√
d− 2√
2(d− 3)
Q
M
, L¯ ≡ L
M
1
d−3
, (27)
so that for d = 4, the explicit expression of the imaginary
part of the resonance frequency reads (M = 1)
ωI =
2
√
2y4
(x4 + 3)3L¯
, (28)
with
x4 =
√
9− 8Q¯2, (29)
y4 =− 12(5x+ 39)Q¯4 + 54(5x+ 21)Q¯2
+ 32Q¯6 − 243(x+ 3)
+ L¯2
[−(7x+ 33)Q¯2 + 8Q¯4 + 9(x+ 3)] . (30)
0.0 0.2 0.4 0.6 0.8 1.0
4.0
4.5
5.0
5.5
6.0
6.5
Q
L
0.0 0.2 0.4 0.6 0.8 1.0 1.2
2.0
2.5
3.0
3.5
Q
L
0.0 0.2 0.4 0.6 0.8 1.0 1.2 1.4
1.2
1.4
1.6
1.8
2.0
2.2
Q
L
FIG. 1. The parameter space of the composed four-
dimensional, five-dimensional and six-dimensional composed
RNdS black hole/neutral massless scalar field systems with
M = 1. In the parameter region beyond the green line (in-
cluding it), the black hole has three horizons (the Cauchy hori-
zon, event horizon and cosmological horizon). The upper di-
agram (four-dimensional case): The gray region is forbidden;
in the white region including the green line, the system has
quasinormal resonance frequency whose corresponding relax-
ation rate is of the type that decreases first and then increases
in certain range of Q¯; in the blue region, the system has quasi-
normal resonance frequency whose corresponding relaxation
time is of the type that decreases first and then increases for
0 6 Q < Qext with Qext the maximum permitted value of the
electric charge of the RNdS black hole, see App. A for the
four-dimensional case. The middle diagram (five-dimensional
case) and the bottom diagram (six-dimensional case): The
red regions are also forbidden as the requests of Eqs. (29),
(32). For the three diagrams, the blue regions intersect with
the gray regions at L¯ = 5.12, 1.84, 1.37 (Λ¯ = 0.11, 1.77, 5.33),
respectively.
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FIG. 2. The relaxation rate of the four-dimensional RNdS black hole against the neutral massless scalar field perturbation with
M = 1. The left diagram corresponds to the blue region and the right diagram corresponds to the white region in the upper
diagram of Fig. 1.
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FIG. 3. The relaxation time of five-dimensional RNdS black hole against neutral massless scalar field perturbation with M = 1.
The left diagram corresponds to the blue region and the right diagram corresponds to the white region in the middle diagram
of Fig. 1.
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FIG. 4. The relaxation time of six-dimensional RNdS black hole against neutral massless scalar field perturbation with M = 1.
The left diagram corresponds to the blue region, the right diagram corresponds to the white region in the bottom diagram of
Fig. 1.
5TABLE I. The fastest relaxation rate of the composed four-dimensional RNdS black hole/neutral massless scalar field system
for M = 1, n = 0.
Λ 0 0.002 0.008 0.030 0.120 0.130 0.142
τmin 10.191 11.522 11.497 11.454 18.846 20.453 22.698
Q¯e 0.726 0.735 0.759 0.835 0.995 1.005 1.015
TABLE II. The fastest relaxation rate of the composed five-dimensional RNdS black hole/neutral massless scalar field system
for M = 1, n = 0.
Λ 0 0.590 0.593 0.601 0.709 0.711 0.713 1.852 1.959 2.076
τmin 2.606 3.192 3.197 3.208 3.364 3.367 3.371 8.174 9.780 12.706
Q¯e 0 0.029 0.080 0.133 0.414 0.418 0.422 1.075 1.098 1.119
TABLE III. The fastest relaxation rate of the composed six-dimensional RNdS black hole/neutral massless scalar field system
for M = 1, n = 0.
Λ 0 3.114 3.121 3.156 4.956 5.102 5.251 5.407 5.569 5.739
τmin 1.581 2.452 2.456 2.475 4.559 4.938 5.425 6.075 6.991 8.393
Q¯e 0 0.056 0.095 0.196 1.0690 1.0970 1.1220 1.1470 1.1700 1.1920
For d = 5, we have
ωI =
piL¯2
(
3(x5 − 3)Q¯2 − 4x5 + 8
)
+ 18Q¯4
3
√
6(x5 − 2)y5L¯
, (31)
with
x5 =
√
4− 3Q¯2, (32)
y5 =
√
(x− 2)Q¯6 (piL¯2 (3(x− 3)Q¯2 − 4x+ 8)+ 18Q¯4)
9(x− 8)Q¯4 − 96(x− 3)Q¯2 + 128(x− 2) .
(33)
And for d = 6, we have
ωI =
6
√
3y6
(
8 (x6 − 10) Q¯2 − 25 (x6 − 5)
)
32 (x6 − 5) L¯Q¯2 , (34)
with
x6 =
√
25− 16Q¯2, (35)
y6 =
√
(x6 − 5)
(
z6 − 64 32/3Q¯2
)
8 (x6 − 10) Q¯2 − 25 (x6 − 5) , (36)
z6 =
3 3
√
2pi2/3 (5− x6) 2/3L¯2
(
8Q¯2 + x6 − 5
)
Q¯4/3
. (37)
We have plotted the relaxation time of the RNdS black
hole perturbed by the neutral massless scalar field in
terms of the reduced electric charge of the black hole
for the four-dimensional case in Fig. 2, five-dimensional
case in Fig. 3 and six-dimensional case in Fig. 4. As
we can see, for all cases, with the increasing of the elec-
tric charge of the black hole, the relaxation time first
decreases and then increases. For the four-dimensional
composed RNdS black hole/neutral massless scalar field
system we have the fastest relaxation rate at Q¯ = 0.726,
a value obtained in [22].
To further analyze the varying patterns of the relax-
ation rate, we take a look at the parameter space. In
Fig. 1, we have shown the parameter spaces of the four-
dimensional, five-dimensional and six-dimensional RNdS
black holes perturbed by the neutral massless scalar
fields. We find that all the left diagrams in Figs. 2, 3
and 4 correspond to the blue region in Fig. 1 and all
the right diagrams in Figs. 2, 3 and 4 correspond to the
white region in Fig. 1.
Basically, from Figs. 2, 3 and 4, it is not hard to see
that, with the increasing of the cosmological constant,
the fastest relaxation rate will increase, and the corre-
sponding electric charge of the black hole will also in-
crease. To see this more explicitly, we show Tables I, II
and III. Interestingly, besides the aforementioned prop-
erty of the relaxation rate, we also find another subtle
property. For the four-dimensional case, we can see that
when the cosmological constant goes to zero, the cor-
responding electric charge of the black hole maximizing
the relaxation rate of the system decreases from Qext
to 0.726, a non-zero value. In contrast, for the higher-
dimensional case, when the cosmological constant de-
creases, the electric charge that makes the relaxation rate
fastest is decreases from maximum to zero. This is just
in agreement with the result in [23], where we found that
the changing style of the composed higher-dimensional
RN black hole/neutral massless scalar field system is dif-
ferent from the four-dimensional counterpart.
6TABLE IV. Comparison of the fastest relaxation rate obtained between WKB method and a spectral method for M = 1, n = 0.
d = 4 d = 5 d = 6
L¯ = 40
Q¯ = 0.735
L¯ = 4.8
Q¯ = 1.005
L¯ = 3.19
Q¯ = 0.0239
L¯ = 1.75
Q¯ = 1.0976
L¯ = 1.792
Q¯ = 0.056
L¯ = 1.34
Q¯ = 1.17
τWKBmin (l→∞) 10.2612 20.4527 3.1923 9.7803 2.4518 6.9911
τ spectralmin (l = 30) 10.2608 20.4510 3.1917 9.7803 2.4513 6.9915
IV. CONCLUSION AND DISCUSSION
We investigated the relaxation rate of the RNdS black
hole perturbed by the neutral massless scalar field. To
this end, we first showed the radial perturbation equa-
tion together with the physically reasonable boundary
conditions. Then in the eikonal limit, we explicitly wrote
down the quasinormal resonance frequency of the com-
posed black hole/neutral massless scalar field system.
We analyzed the relaxation rate of the system for four-
dimensional case and higher-dimensional cases.
We found some common properties among different di-
mensional composed RNdS black hole/neutral massless
scalar field systems. First, we got to know that the fastest
relaxation rate (or the shortest relaxation time) increases
with the increasing cosmological constant. Second, we
showed that the critical value of the electric charge that
makes the relaxation time shortest also increases with
the increasing cosmological constant.
We also found some differences between the four-
dimensional composed system and its higher-dimensional
counterpart. First, the structures of the parameter
space are different, as shown in Fig. 1. For the four-
dimensional case, the largest value of the electric charge
Qext that the black hole can hold to ensure the existence
of its three horizons coincides with the largest one that
the black hole can take to ensure the existence of the sys-
tem’s quasinormal resonance frequency. For the higher-
dimensional system, it is different. The occurrence of
the red region in Fig. 1 originates from that the max-
imum value Qext ensuring the existence of the QNM is
smaller than the one ensuring the existence of the black
hole’s three horizons. Second, we found that, the ex-
treme values of the electric charge of the black holes that
make the relaxation time of the system shortest when
the cosmological constant vanishes are different. For the
four-dimensional system, when the cosmological constant
decreases to zero from Qext, the fastest relaxation rate of
the system decreases, and the corresponding critical elec-
tric charge decreases to 0.726, which is non-zero; however,
for the higher-dimensional system, when the cosmologi-
cal constant decreases to be vanishing, the critical elec-
tric charge of the black hole that makes the relaxation
rate of the system fastest decreases continuously and
gradually to zero which is just the higher-dimensional
Schwarzschild black hole limit. We verify our relaxation
time data by using the mathematical package in [29]. We
have checked our calculation by using the results in [30].
As shown in Table IV, the WKB method we used in the
large l eikonal regime is consistent with the numerical
spectral method.
This is reminiscent of the results in [23]. From (??),
it is not difficult to see that the relaxation time of the
RNdS black hole perturbed by the neutral massless scalar
field is related to the effective potential of the system
by τ ∼ V0/V (2)0 . In the eikonal regime l  1, the
approximated effective potential (18) for the composed
RNdS black hole/neutral massless scalar field system
is coincidentally different from that for the composed
RN black hole/neutral massless scalar field system only
with a constant term related to the cosmological con-
stant. Consequently, the patterns of V0 and V
(2)
0 for
the composed RN black hole/neutral massless scalar field
system in [23] are similar to those for the composed
RNdS black hole/neutral massless scalar field system.
And this just explains why there are different depen-
dent rules of the relaxation time on the charge between
four-dimensional case and higher dimensional cases at the
zero-cosmological constant limit. It also partly accounts
for that the critical charge decreases with the decreasing
cosmological constant, as the signs of the electric term
and the cosmological constant term are contrary.
It was found in [18, 31] that, when l = 0, following
with some quasinormal oscillations, the perturbed neu-
tral massless scalar field will eventually settle down to a
constant value, which means that the RNdS black hole
perturbed by the neutral massless scalar field is prone
to instability. However, the perturbed field will fall off
exponentially for the l = 1 [18], l = 2 [31] and l = 3 [32]
modes, which means that the black hole is stable against
the neutral massless scalar field. In the present work, we
analytically calculated the quasinormal resonance modes
in the eikonal regime l  1 and our result is consis-
tent with those former ones, as the relaxation time of the
composed RNdS black hole/neutral massless scalar field
system is finite for all allowed regions of the cosmological
constant Λ, only softly varies with the electric charge of
the black hole Q. The result is also consistent with the
assertion which states that higher l modes are more sta-
ble [33]. The RNdS black hole is found to be unstable at
the l = 0 mode once the perturbed field is charged, but
this can be avoided by increasing the scalar field mass
[18, 19]. Thus, we suspect that the quality of the relax-
ation time for the composed RNdS black hole/massive
charged black hole system may be closely related to the
angular index.
Our work extends former investigations of the relax-
ation rate of the asymptotically flat RN black hole per-
7turbed by neutral massless scalar field to the asymptot-
ically de Sitter case. There are two directions we may
work on further. One is to study the characteristics of the
asymptotically de Sitter rotating black hole perturbed by
matter fields and the other is to investigate the asymp-
totically de Sitter black holes in modified gravitational
theories. The RNAdS black hole is also valuable to con-
sider. Nevertheless, the WKB method used above can be
considered only by adding some restrictions. One may
study the near extreme black hole and restrict the AdS
radius as M2/L2  Kl, so that the effective potential
can be greatly simplified.
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Appendix A: Extreme value of electric charge for
four-dimensional RNdS black hole
The blackening factor of the four-dimensional RNdS
black hole can be expressed as (we set M = 1)
f(r) =
L2Q2 + L2r2 − 2L2r − r4
L2r2
=
(rc − r)(r − r+)(r − r−)(r − ro)
L2r2
,
(A1)
where
−(rc + r− + r+) = rm < 0 < r− < r+ < rc. (A2)
We have the coefficients of numerator of the polynomial
f(r) as
a = −1, c = L2, d = −2L2, e = L2Q2, (A3)
then we can define
D = −8ac, E = −8a2d, F = 16a2c2 − 64a3e (A4)
and
A = D2 − 3F , B = DF − 9E2, C = F2 − 3DE2. (A5)
As
D = 8L2 > 0, F = 16L4 + 64L2Q2 > 0, (A6)
We have four different real roots for f(r) = 0 iff
∆ = B2 − 4AC
= L4
(
Q2 − 1)+ L2 (8Q4 − 36Q2 + 27)+ 16Q6
< 0,
(A7)
which gives
Qext =
√
L4 − 2L2z1/3 + 108L2 + z2/3
12z1/3
= Q¯ext, (A8)
where
z = L6−270L4−1458L2+6
√
3
√
−L4 (2L2 − 27)3. (A9)
From (A7), to ensure the existence of L, we should let
Q < 3/(2
√
2) = 1.06066 ≡ Qext, then we have L >
3
√
3/2 = 3.67423 ≡ Lext. The Cauchy horizon coincides
with the event horizon for Q = Qext, and there will be
at most one positive radius for the quadratic equation
f(r) = 0 if L < Lext.
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